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Evolving Factor Analysis 

Modern instrumentation allows the easy accumulation of high-quality bilinear data 
matrices. The new algorithm of Evolving Factor Analysis makes full use of all 
information contained directly in the data. Essentially perfect deconvolution. yield- 
ing the concentrations and absorption spectra of all species, becomes possible on 
a completely model-free basis. 

INTRODUCTION 

Equilibrium studies of spectroscopic titrations and peak resolution 
in chromatography are two typical problems which are appropri- 
ately tackled by using multiwavelength (more generally, multi- 
channel) detection systems, i.e., by collecting an M x W data 
matrix Y from M measurements at W wavelengths (channels). In 
all such experiments it is the primary goal of data reduction to 
decompose the original matrix Y into two smaller matrices con- 
taining the concentration profiles C and the absorptivities A of the 
individual species. Provided there is linear response of the meas- 
uring equipment to the individual concentrations (validity of Beer's 
law), this task can be described by the simple matrix equation (1): 

Y = CA (1) 

During the last decade, progress in general instrumentation, and 
especially microprocessor technology, has led to various rapid data 
collecting systems and also to a remarkable improvement of data 
quality,'.2 together with the development of further hyphenated 
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techniques such as GC-MS/IR.3 This progress has been paralleled 
by an equal upsurge in practical applications and interest in more 
efficient algorithms for numerical treatment of the data: Chemo- 
metrics is a rapidly expanding part of analytical chemistry and 
several efficient programs are now available for the analysis of 
complicated equilibrium systems based on spectroscopic data.4.5 

Unfortunately, decomposition of Y according to..Eq. (1) is not 
unique. In the case of equilibrium studies the analysis is normally 
based on a chemical model, i.e., on assumptions with regard to 
the number and identity of the chemical species and the law of 
mass action. Selection of the correct chemical model is by no means 
trivial in many cases, however, and the law of mass action cannot 
be applied to problems such as peak resolution in chromatography 
or the analysis of equilibrium systems based on measurements with 
strongly variable ionic strength and/or solvent composition. There- 
fore, a completely model-free approach to the problem described 
by Eq. (1) would be most welcome. No matter if a reasonable 
model might theoretically be available, a completely model-free 
approach has its intrinsic advantages: “In the former case you get 
back what you assumed, in the latter you get what you get.”6 

It is the purpose of this Comment to show that the newly de- 
veloped algorithm of Evolving Factor Analysis (EFA)’-“’ indeed 
yields a successful, quantitative and model-free deconvolution of 
the original data into concentration profiles and spectra of the 
individual absorbing species. EFA is not the first approach in this 
direction. Principal component analysis (PCA) or singular value 
decomposition accomplishes a related task.” The resulting or- 
thogonal matrices are, however, completely abstract, containing 
negative “concentrations” and “absorptivities” with no physical 
interpretation. Numerous attempts have ’been described recently 
to transform the abstract PCA result into the chemically correct 
picture. We propose to show that none of them has made full use 
of the information contained directly in the original data and there- 
fore could not generally be expected to give a picture as accurate 
as that of EFA. 

The following points will be discussed subsequently: (i) the math- 
ematical concept behind EFA; (ii) the scope of other model-free 
attempts to decompose Y according to Eq. (l),  as compared to 
EFA; (iii) model-free calculation of concentration profiles, ab- 
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sorption spectra and equilibrium constants based on spectroscopic 
titrations; (iv) peak resolution in chromatography; (v) analysis of 
equilibrium mixtures which cannot be treated by the law of mass 
action; (vi) detection of impurities; (vii) semiquantitative analysis 
of complicated systems. 

THE CONCEPT OF EVOLVING FACTOR ANALYSIS 

For a system of S absorbing species, deconvolution of the original 
data matrix Y according to Eq. (1)  gives two smaller matrices C 
( M  x S) of the concentrations and A (S x W )  of the molar 
absorptivities. Similarly, Y can be decomposed into the product 
of three matrices U ( M  x S), V (S x W),  and S (S x S) by 
singular value decomposition, Eq. (2)12: 

Y = CA = USV 

U is formed by the significant eigenvectors of YY' and V by those 
of Y'Y (Y' is the transpose of Y ) .  The columns of U as well as the 
rows of V are orthonormal, U'U = VV' = I (identity matrix). S 
is a diagonal matrix, its nonzero elements are the square roots of 
the significant eigenvalues of Y'Y in descending order. 

EFA coniists of two more or less independent parts. The basic 
idea behind the first of them (primary EFA)' is to follow the change 
of rank of Y and the concomitant evolution of eigenvalues of Y'Y 
with progressing titration. This is done by rank analysis of the 
submatrices Yf formed by the first f spectra (rows) of Y (forward 
EFA). The appearance of an additional component j in the course 
of the progressing titration will be indicated by the rise of the rank 
of Yffrom j - 1 to;, i.e., a significant increase of the concomitant 
jth eigenvalue. For this statement to be true, neither the concen- 
tration profile nor the absorption spectrum of component j may 
be a linear combination of the previous species, and both the 
concentrations and the absorptions must be sufficiently different 
from zero. Rank estimation of data matrices critically depends on 
the experimental noise level and several methods of rank esti- 
mation have been but this problem is not discussed 
here in detail. 
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Using primary EFA, instructive pictures may be obtained by 
plotting the eigenvalues Afof YjYfin the function of the progressing 
experiment, e.g., the pH or the elution time. This is shown in Fig. 
1 for model data for three strongly overlapping chromatographic 
peaks. Because of the numerical disparity of successive eigenval- 
ues, the logarithms of Af are used for graphical representation in 
Fig. l(a). 

The rank analysis can be repeated in the backward direction 
with the submatrices Y,, formed by the last b spectra of Y. The 
resulting backward EFA plot is given in Fig. l(c) and shows the 
disappearance of components with the elution time. Proper com- 
bination of the appearance of a given component with its disap- 
pearance (the results of the forward and backward EFA plots) 
yields the ranges of existence of all species or their “concentration 
windows” as indicated in Fig. l(b).  Combination of the corre- 
sponding eigenvalues finally gives a semiquantitative description 
of the concentration profiles of the absorbing species. 

The second part of EFA performs a quantitative calculation of 
the concentration matrix C and of the absorption spectra A by a 
variant of target factor analysis (iterative EFA).*-’O C and A are 
refined successively by linear least-squares methods, considering 
only those species which are acceptable according to the “concen- 
tration windows” of primary EFA and, in addition, setting all 
negative concentrations to zero. No further assumptions are made 
with respect to either concentration profiles or absorption spectra. 
Additional details making primary as well as iterative EFA fast 
and reliable algorithms are described e1sewhe1-e.~ 

ALTERNATIVE MODEL-FREE APPROACHES 

Most of the methods for the model-free estimation of spectra and 
concentration profiles are based on the pioneering work of Lawton 
and Sylvestre. l6 Their self-modeling curve resolution is based only 
on the non-negativity of the absorption spectra; its main disad- 
vantage is the intrinsic limitation to two-component systems. Self- 
modeling curve resolution has been successfully applied in different 
fields, such as chrornat~graphy’~-’~ and x-ray photoelectron spec- 
troscopy. 2o 
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FIGURE 1 EFA results for model data for three strongly overlapping chromato- 
graphic peaks. Logarithms of the eigenvalues A, ((a) forward EFA) and Ah ((c) 
backward EFA) together with the resulting time windows (b) defined by the sig- 
nificant increase of the pertinent eigenvalues. 
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Extension of the method to three or more components has been 
described subsequently.21 Different problems have to be overcome 
in these cases: graphical display of the polydimensional space spanned 
by the eigenvectors U or V (cf. Eq. (2)) is not trivial. One possibility 
is to switch to polar  coordinate^,^^.^^ obscuring the information 
available with regard to the concentrations, or projection onto 
 hyperplane^.^^.^^ In addition, the results obtained for such multi- 
component systems are usually much less well-defined, as long as 
the acceptable range of solutions is defined only by the non-neg- 
ativity of the physical parameters (concentrations and absorptivi- 
ties) .25 Several further restrictions, such as maximum dissimilarity24 
or minimum envelope of all spectra or concentration profiles ,23 

have been suggested to obtain unique solutions, but obviously such 
ad hoc assumptions are not in general backed by physical reality. 

Recently, several methods for the iterative refinement of initial 
estimates of either absorption spectra or concentration profiles 
have been developed for the model-free d e c o n v ~ l u t i o n . ~ ~ - ~ ~  For 
these methods there is no intrinsic limit to the maximum number 
of components. Most of these algorithms are based on iterative 
target factor analysis, ITFA.26.27,29 The strategy of ITFA can be 
divided into two parts. First, a set of approximations for the con- 
centration profiles has to be selected. These are iteratively refined 
in the second step by repeated target transformation: 

Different strategies have been designed to modify the resultant 
concentration profiles C,,, (this is necessary to keep the iterative 
process going). All such methods are setting negative values in C 
to zero in each cycle. In Ref. 26 this is the only correction. The 
result is a poorly controlled spreading out of the concentration 
profiles as seen in Fig. 2 (dotted lines) for model data used previously 
in our testing of EFA.9 A method to prevent this spreading has 
been proposed by setting “small” positive values in the concen- 
tration matrix C to zero as This algorithm has been suc- 
cessfully applied to resolve chromatographic peaks with up to six 
overlapping components. It is obviously not trivial to choose the 
appropriate level of “smallness” and no general procedure has 
been proposed. Using a positive cutoff level certainly helps ensure 
against undue spreading. However, the choice of this level seems 
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FIGURE 2 Concentration profiles of model data using ccu = 0.0045 M, log pl lo  
= 10.00. log p l l - ,  = 5.00, and log = -0.32. Results of iterative EFA 
(-) and iterative target transformation (Ref. 26) (. . .) compared with the 
original data (+ :  Cu*+, X :  CuL”, *: CuLH?,,  I: CuLH-?). 

to be a matter of trial and error, and the algorithm is still not 
inherently fail-proof with respect to spreading out or to contrac- 
tion. An analogous approach is given in Ref. 29, where concen- 
trations with a relatively high level of statistical uncertainty are 
reset to zero. This problem is solved using EFA (solid lines in Fig. 
2), where the ranges of existence for all species are uniquely de- 
fined. We therefore feel that the main difference between EFA 
and other new model-free approaches does not lie in any details 
of the iterative refinement, but in the availability of the “concen- 
trations windows” through primary EFA. 

CALCULATION OF CONCENTRATION PROFILES, 
SPECTRA AND EQUILIBRIUM CONSTANTS 

As in other equilibrium studies, data reduction of spectrophoto- 
metric titrations normally consists of a least-squares refinement of 
equilibrium constants based on a chemical model.5 Concentration 
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profiles are calculated using the selected model estimates of the 
corresponding equilibrium constants, and the analytical concen- 
trations of the components; they are not in any way directly ex- 
tracted from the experimental data. The molar absorptivities can 
even be eliminated from the algorithm and are calculated non- 
iteratively at the end of the refir~ement.~O.~l significant progress 
has been made in this direction during the last decade and powerful 
programs are available to deal with spectrophotometric data almost 
as routinely as with potentiometric ones, even in complicated sys- 
t e m ~ . ~ , ~ ~ , ~ ~  This is not the place to discuss the relative merits of 
potentiometric and spectrophotometric titrations in detail, but the 
present state of the art seems to indicate that spectrophotometric 
titrations now match their potentiometric counterpart in reliability 
and accuracy,34 while being generally superior in their power to 
discriminate between different chemical  model^.^^-^^ 

Evolving Factor Analysis opens a radically different approach 
to the calculation of concentration profiles, absorption spectra, 
and equilibrium  constant^.^-^ Here, the primary step is the reso- 
lution of the measured absorbances Y into the concentration pro- 
files C and the molar absorptivities A according to Eq. (1). Least- 
squares refinement is done directly on C and A, minimizing the 
squares of the residuals R, Eq. (4): 

Only after completion of the numerical treatment are chemical 
species associated with the concentration profiles, based on the 
corresponding absorption spectra and/or by chemical reasoning. 
Equilibrium constants are obtained at the very end; they are read 
directly from the respective intersections of the concentration pro- 
files after assigning stoichiometric coefficients to the previously 
abstract species. Thus, using EFA, the normal order of dealing 
with spectroscopic titrations is reversed: First the data are decon- 
voluted according to Eq. (l), then a model is selected and the law 
of mass action is introduced last. 

This application of EFA has been extensively tested using spec- 
trophotometric, ESR, and semi-synthetic model data. For details 
we refer to the original l i t e r a t ~ r e . ~ - ~  In general, the results were 
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very satisfactory, indeed, even for four- and five-component sys- 
tems. In most cases, the standard deviation between concentrations 
calculated with EFA and the law of mass action were between 0.5 
and 2%, absorption spectra were essentially identical and the final 
equilibrium constants were the same within experimental error. 
Differences between calculated and experimental data are even 
smaller using EFA rather than the law of mass action (LMA). This 
is very satisfactory, but not really surprising for a successful anal- 
ysis, since EFA, of course, is subject to less stringent restrictions 
and thus may much more easily adapt to experimental errors. 

The power of EFA is demonstrated for one typical example in 
Fig. 3. Data were generated based on a system of four strongly 
overlapping species with the spectral characteristics of Cu2 + and 
the complexes CuL2+, CuLHf,  and CuLH-, with L = 3,7-diaz- 
anonane diamide, H2NCOCH2NH(CH2)3NHCH,CONH2. A ran- 
dom noise of 2 x lop4 absorbance as well as 0.008 pH units, 
corresponding to our experimental setup, was superimposed.’ 

0.004 

0.003 

0.002 

0.001 

0 

2 4 6 8 
FIGURE 3 Concentration profiles of model data using ccu = 0.0045 M, log pI1,, 
= 10.00. log P I ,  -, = 4.70, and log P = -0.32. Results of primary EFA (...) 
and iterative EFA (-) compared with the analysis based on the law of mass 
action (+: Cu”, X :  CuL‘+,*: CuLH:,, I: C U L H - ~ ) .  
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Three concentration profiles are shown: (a) the results of pri- 
mary EFA (dotted lines); (b) the EFA result after refinement (solid 
lines), and (c) the analysis based on the LMA (symbols). As is 
seen in Fig. 3 the two latter results are virtually identical, as are 
the absorption spectra (not shown). Not surprisingly, the correct 
equilibrium constants may be read off the EFA plots: log Kg,UL = 

9.99 (9.99),9 log K&- = 5.29 (5.33),9 log KpuLII-, = 5.02 (5.01)9 
(results based on the LMA in brackets). EFA results were obtained 
by linear interpolation of the respective intersections near pH 3.8, 
5.3, and 5.0, using log KEH = 8.40 and log KPH2 = 6.55 for the 
protonation constants of the free ligand.3x 

Needless to say, such a close correspondence of the results of 
these two completely independent types of analysis is most re- 
warding and not only elucidates the power of EFA but also helps 
a lot in trusting the selected chemical model. 

PEAK RESOLUTION IN CHROMATOGRAPHY 

For equilibrium studies based on spectroscopic titrations, model- 
free data reduction normally is but an interesting alternative to 
numerical treatment based on the law of mass action (vide infra 
for exceptions). The situation is completely different in the analysis 
of chromatographic data. Clearly, the reason is that no satisfactory 
general model-based description is available. Approximation of 
elution profiles, e.g., by Gaussian or Lorentzian type functions or 
combinations thereof, is of course p o ~ s i b l e , ~ ~ ~ ~ ”  but always remains 
to a certain degree arbitrary and error prone. Therefore, a com- 
pletely model-free approach would be most important.6 As already 
discussed, numerous attempts have been made to solve this prob- 
lem, but none has made use of the information available by means 
of the “concentration windows” obtained through primary EFA. 
In a recent paper EFA has been successfully applied to synthetic 
data mimicking HPLC chromatography. lo In the case of three 
overlapping peaks with a resolution as small as 0.2 and rather 
unequal contributions to the total absorbance, this method accu- 
rately produces the number of components, their elution profiles 
and their absorption spectra. The data matrix (50 spectra at dif- 
ferent elution times) was first subjected to primary EFA, the result 
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of which is shown in Fig. 1. While the original data do not reveal 
any overlapping peaks, the presence of three species is easily de- 
tected by the evolution of three significant eigenvalues at three 
different elution times, and combination of forward with backward 
EFA yields a “time window” for each species. Based on these 
windows, concentration profiles and absorption spectra are ob- 
tained as shown in Fig. 4 through least-squares refinement. The 
strongly overlapping original data Y which are displayed in three 
dimensions (time, wavelength, absorbance) are deconvoluted into 
concentration profiles C (left) and spectra A (right) of the indi- 
vidual species and projected onto the rear “walls” of the imaginary 
cube containing the data. The residuals in absorbance have a stand- 
ard deviation of 1.26 x lop3 absorbance units, as compared to 
the random noise of 1.00 X imposed on the model data. The 
standard deviation between theoretical and calculated concentra- 

FIGURE 4 Model chromatogram with three components. Three-dimensional rep- 
resentation of the original data. The deconvolution into concentration profiles and 
absorption spectra by iterative EFA is shown on the rear walls. 
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tion profiles is 1.2%. EFA has also been applied to cases with four 
and five strongly overlapping species, with practically equal suc- 
cess. 

We thus conclude that EFA is generally applicable to peak res- 
olution in chromatography and that the challenge expressed re- 
cently by Delaney6 is fully met: “The ultimate goal of curve res- 
olution would be to be able to determine the number of components 
in an overlapping chromatographic peak as well as the spectrum 
and concentration profile of each compound without assumptions 
regarding peak shape, location or identity.” There is one caution- 
ing remark which has to be maintained with respect to this state- 
ment: The heights of the concentration profiles and of the corre- 
sponding absorption spectra are strictly coupled through an inverse 
proportionality relation. If neither is known, there will always 
necessarily remain this final ambiguity, no matter which algorithm 
is applied. In the present calculation, all absorption spectra were 
therefore normalized to equal a height of unity, in contrast to 
analyses of spectroscopic titrations, here absolute values may be 
obtained by normalization with respect to the known analytical 
(total) concentrations. 

ANALYSIS OF EQUILIBRIUM MIXTURES WITH 
NONIDEAL BEHAVIOR 

In many equilibrium systems, models based on the law of mass 
action cannot be applied in a simple, reliable way. This is true 
whenever activity-concentration relations are not well established 
and the essential concentrations cannot be measured directly. Ex- 
amples are titrations at low and variable ionic strength, experi- 
ments in mixed solvents of variable composition, and studies in 
strongly acidic or basic media where no reliable pH measurement 
is possible. Obviously, EFA can be applied unproblematically to 
all such cases, since it does not depend at all on the validity of a 
model such as the LMA. Calculated EFA concentrations are iden- 
tical regardless of whether the individual experiments are identified 
by the respective pH values, by the amount of titrant added, or 
simply by any numbers in ascending or descending order. 

As one relatively simple example we discuss the protonation of 
1,4,7-triazacycI[3.3.3]a~ine.~~ Besides taking up a first proton at 
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pH 3.46, this molecule can be further protonated to LH:+ and 
LH$+ in strongly acidic media near pH - 2 and pH - 7 ,  respec- 
t i ~ e l y . ~ ~  Absorption spectra had to be obtained in up to 85% H2S04 
in order to observe both protonation steps. Of course, no reliable 
pH measurements are possible under such conditions and acidities 
had to be estimated using Hammett p - ~ a l u e s . ~ ~  Based on such 
values, ligand protonation constants, and thus concentration pro- 
files, as well as absorption spectra could of course be calculated, 
but as expected the overall fit was not optimal, a ( Y )  = 7.5 x 
lop3 a . ~ . ~ l  As is shown in Fig. 5,  absorption spectra (and con- 
centration profiles) could be obtained without any problems using 
EFA, and the overall fit to the data is considerably improved, u 
( Y )  = 4.1 X a.u., without bothering about pH values or the 
validity of the LMA. In the present case, the spectra calculated 
on the basis of the LMA still are essentially correct because of 
only weak overlap in the concentration profiles, but there is no 
reason to doubt that the EFA result is at least as reliable and that 
in more complicated cases EFA could be the only acceptable method. 

4 00 

300 

2 00 

100 

0 
I n m  

4 00 450 5 00 550 3 00 
I I I 

FIGURE 5 Absorption spectra of protonated 1,4,7-triazacyc1[3.3.3]azine (L). 
LH', X :  LH:', *: LH:'. 

+: 
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PRODUCT QUALITY CONTROL 

Although not a primary goal in our applications, EFA may well 
be used in various fields of product quality control and detection 
of impurities. Due ...to our main field of research, this is again 
demonstrated on an example from coordination chemistry, the 
complexation of Cu2+ by 1,4,7-triazacyclodecane, [10]aneN3.42 This 
system has been studied previously by p ~ t e n t i o m e t r i c ~ ~ . ~ ~  and by 
spectroph~tometric~~ titration; it was explained with the species 
CuL2+, CuLf + . In the course of a broad study on the cornplexing 
properties of a series of triaza-macrocycles, the interaction of Cu2 + 

with [10]aneN3 was restudied and the data subjected to EFA.42 
As is shown by the dotted lines in Fig. 6, EFA of a titration with 
40 mol% copper per ligand clearly shows four absorbing species 
at low pH, while only three such species, Cu2+, CuL2+, and 
CuL;+, would be expected. The dimer Cu,L2H2_f, is only formed 
above pH 8 in solutions containing more than 50 mol% of Cu2+. 

- 
,_ ... . . . . . . . . . . . . . . . . . . .  ../ ,(-: ...... .............. -- 

..... .._........_ 

.....- ........ ........... ............. 

..... - 
I I 1 I PH 

4 6 8 10 

FIGURE 6 Forward EFA plots for the spectroscopic titration of [10]aneN, with 
Cu*+. ... : Results obtained with material contaminated by dimeric impurity, four 
significant eigenvalues. ~ : Results with purified ligand, three significant ei- 
genvalues. 
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Careful inspection of individual titration curves (absorbance vs. 
pH) at a given wavelength indeed revealed some minor deviations 
at low pH. Various alternative models featuring additional species 
such as CuLH3 + , CuL2H3 + or Cu(LH); + were tried without much 
success. Despite the fact that the ligand had a perfect elemental 
analysis and did not show inhomogeneity based on TLC, the syn- 
thesis was repeated starting from cyclic tritosylate which had been 
carefully purified by column chromatography. Using this new ma- 
terial, we obtained a clearcut solution of the problem already based 
on forward EFA, as indicated by the solid lines in Fig. 6. The one 
superfluous eigenvalue between those corresponding to CuL2 + and 
CuL;' now is completely absent, the others remaining essentially 
unchanged. While the nature of the impurity in the older product 
has not been studied in detail, we assume it to be the dimer of 
[10]aneN, which would of course have an identical elemental com- 
position. Such dimers have indeed been observed for other triaza 
macro cycle^^^-^' and seem to be a relevant problem in syntheses 
based on the tosylester method of Richman and Atkins.lx 

SEMIQUANTITATIVE ANALYSIS AND MODEL 
SELECTION O F  SPECTROSCOPIC DATA 

We have shown that very satisfactory quantitative analyses are 
possible through EFA in many cases. Nevertheless, the use of 
models based on a specific system of chemical equilibria will con- 
tinue and the calculation of the corresponding stability constants 
remains the final goal of spectroscopic titrations, at least in cases 
where such experiments can be performed under strictly controlled 
conditions, e.g., of temperature, solvent composition, and ionic 
strength. Even in these fortunate cases, EFA is an important tool 
for several reasons. The most obvious of them is the avaiiability 
of a completely independent test of the result based on the law of 
mass action, as has been discussed above. If the model-free and 
model-based concentration profiles and spectra turn out to be the 
same, this provides suggestive and nontrivial support for the model 
selected to explain the data. 

Other reasons pertain more specifically to complicated systems. 
Here, the selection of the correct chemical model may become 
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ambiguous and also the least-squares reiinement based on EFA 
may run into complications. Semiquantitative considerations based 
on primary EFA still are most helpful in such cases and this is 
discussed in the following. 

As one example we choose the complexation of Cu2+ by 4,7,10- 
triazatridecane dioic acid, which has been studied potentiometri- 
cally and spectrophotometrically along with a series of other pen- 
tadentate chela tor^.^^ Based on coordination chemical considera- 
tions one would expect two complexes, CuLH+ and CuL, to be 
the most stable species, and the potentiometric data could be ex- 
plained satisfactorily based on that model. Spectrophotometric data, 
however, clearly indicated that this model is incomplete and ad- 
ditional species had to be assumed. This finding is quite in line 
with the general observation that potentiometry, while quite re- 
markable in the reproducibility of the data, is inferior to spectro- 
photometry as far as discrimination between different models is 
concerned. Additional species which might be expected for the 
system under consideration are CuLH$+ , possibly CuLH;', and 
CuL (OH)-. The first two species would be expected at low pH, 
the last above pH 9. As shown in Fig. 7, the result of primary 
EFA is quite unambiguous7: a total of four absorbing species is 
present, all at low pH. The fifth eigenvalue remains insignificant 
over the whole experimental range. The correct model thus consists 
of the species Cu2+,  CuLH:,+ CuLH+, and CuL, while CuLHi+ 
and CuL(0H) - are not detected. Indeed, the spectrophotometric 
titrations could be explained very well, based on that model and 
using the law of mass action. It should be obvious that the result 
of EFA not only provided the basis for selecting the appropriate 
model but also yielded excellent starting values for the respective 
equilibrium constants. Application of EFA prior to the classical 
least-squares analysis thus obviates the time-consuming testing of 
many different models and any preliminary, e.g., graphical, meth- 
ods for obtaining estimates of the unknown equilibrium constants. 

The analysis of the system discussed above still was rather 
straightforward and the correct number of absorbing species (al- 
though, of course, not their ranges of existence) would also have 
been revealed by ordinary principal component analysis (PCA) . 
In still more complicated systems containing more than perhaps 
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FIGURE 7 Forward EFA plot for the spectroscopic titration of 4,7,10-triazatri- 
decane dioic acid with Cuz+, showing four components at pH < 4 and no further 
change up to pH 12. 

five or six absorbing species, this is no longer always true. This 
has been observed, e.g., for the complexation of Cu2+ by L-alanine 
amide ,7 glycine ethylamide3’ and N,Nf-diglycyl-l,2-ethanedi- 
amine,37 which has to be described by a model based on seven 
absorbing species in each case. In none of these cases could this 
number have been deduced correctly from the number of signifi- 
cant eigenvalues based on PCA because of the broad unstructured 
d-d* transitions in Cu2+ complexes. It also must be admitted that 
iterative EFA would not yield reliable concentration profiles and 
spectra in these cases. EFA has its scope and limits like any other 
method. Nevertheless, semiquantitative application of primary EFA 
still is possible and helpful in the model selection process in such 
complicated situations. Even if the number of absorbing species 
cannot be determined directly from PCA, the formation of a new 
species at a given pH still is noticed through EFA by its influence 
on the actual eigenvalues in the forward and backward analyses. 
This application of EFA is not discussed any further here; it has 
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been dealt with in detail in the first paper on EFA.’ It may suffice 
to state that a sixth or seventh species, even if not actually leading 
to an additional significant eigenvalue, still may be clearly noticed 
and its range of existence estimated by a strong upsurge of the 
already detected mbre significant eigenvalues. 

CONCLUSIONS 

Evolving Factor Analysis is a new and promising algorithm for the 
completely model-free and quantitative analysis of a variety of 
bilinear data. Applicability of EFA is based on only two general 
conditions, linear response of the dectection system and contiguous 
ranges of species existence. Due to our persistent interest in com- 
plexation equilibria, EFA has been first developed and used in 
this field of coordination chemistry and used for the analysis of 
spectrophotometric as well as ESR titrations. As is obvious from 
the mathematical concept of EFA, its scope is much broader, 
however; it can be applied to almost any kind of ordered data 
matrices. The most important field of application, for which EFA 
also has been tested successfully, could well be the field of peak 
resolution in chromatography using multichannel detection sys- 
tems. It is in this field of chemometrics where an impressive effort 
on model-free analysis has been going on for the past few years, 
all the more understandable since no satisfactory general model is 
likely to emerge for peak shapes in chromatography in the near 
future. 
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